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The Sarkisov Program:

Theorem : CZ . E) is a KIT
pro; pair with kz+E poets

Assume 2- ✗
, and Z -

%
> Xz are two minimal models

.

i fi * § . Then Xi - - → Xz is a composition of

Ckx, + Is ) - flops .

② i CZ.fi ) is a *It prog pair
with Kz+I0 not puff

0/2
2- ✗ and z - - → Y be two MFS .

I 1
.

S T

How can we factor X -→ Y ?

Def : Two MFS are Sarrroox -related if both of them

are obtained by a HMP from Z .

Thm 1.1 : § :X→ S and X : Y- T MFS with

Q - fact sing .

Then X and Y are birational →

they are connected by a sequence of
Sarki#on limos .



Crcn ) = Birch" ) .Motivation :
E c- Birch

' ) = : Crcz )
.

e
- - - → It

'

E = µ 0
. .

. offs
-| |

,
simpler elements incrczl.ptpt .

Noether - Castelnuovo : Circa ) is generated by pa-LG.ca It Cremona trans
.

P'
2
- -→ Haz

- -

[Ri Yi 2- I 1-7 [a-
'

iy
-
'

iz
- ' 1. = [yt : ✗2- : Xy) .

1983 : Gizatulhni Gave a description of the relations

1927 : Hudson : Cross is not generated by element of bounded degree

☒ : What are the generators of Eros > ?

Corti proved that the Sanoisox program works m Jim 3
.

Lx E X - E- → T .

V1

oil
¥

,
E X ,

& the" system .

How the
sing of Lx & Lx . compare

?

canonical threshold & pseff thresholds .



SarKirov Links :
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It? X T
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pt
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Limo of type I.

Liners of type UI are the reflection of type I knw

car -- - s .

so

±
.
1-



Linn at type II :

X
'
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É
.> Y

'

I¥
Y

✗ I 1 "
S- T

Linx of type III :

☒
'

✗ It
'

_- B'
'

✗ UP
'

✗ - --- ⇒ Y
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Sarrin of the Cremona :

#
→
→¥



Maximal Mori fiber space structure :

Def : ✗ *It & projective is said to be a Max MFS

if ✗ admits a MFS structure and
every Kx - negative extremal

come of ✗ intoces 2 MFS .

Kx

§ not puffPoet
,

"""
"" "

"

§,

{ "" """1 Conj

to

✗
'
has 2 MFS .

X
'

minimal motel
.

kx

semisimple f
te

✗
" 211 its negative rays

induce MFS .

☒ : let ✗ be pro; * It
with kx not pseff .

Is X birational to a al MFS ?



Idea of the proof : E) L

S = Blp ,q 1122

"

"

•-,,€
Cone of effective tinioors is generated by L , E , & Ez

.

L
liner of type ☒

Limo of typeI ,

*
÷

.

ii. ii.*. .
Link of IP

'

Ez

Linx of type III



Ambient space Z.gl/ENSCZT
> linear subs Jef over a

finite torn .
-

.

[Acv ) = { =AtB c- VA / kzt⑨ is K and B> e)

EACH - { ④⇐ facial kit poeff } .

f : Z - i
- > ✗ we define

d- AH! - {① c- EACH / f is ample motel for G.④ I}

Caf i-1-a.TV)



Theorem 3.3 : There are finitely many of;:Zi - - →✗ .

satisfying the following :

G) • Ai AA.fi is a partition of EACX ) (
• Ai is a finite union of inferiors of rat polytope .

• If fi is birational , then Ei - Gay : is rational ]
"""

G) Agree ; -1-4 , then there is a contraction morphism} bpgthm .

fig. i ✗ i → Xj , fj-fi.jo fi .

Assume V spans the Neron - seven.

.

↳ I Connected component & of Gi that intersects Each .

Then TFAE : ⑥ c- infant:) , f : Z - - → ✗ log terminal moth .

>
it le spans V. →

f- f) ' Aint €01 , Ai-Ai . i=j .

( ii ) If ② c- ti nee .

then fi is a log terminal motel of Kato
Iiit fi is birational and ✗ i is ⑥ - factorial . log terminal motels are bis

(4) Gi spans 11 and ④ is general in A) DG and lies

in the interior of GACY) .
Then the relative Picard of }G"Thin

fig : Xi → Xu equals dm Cbi ) - Jim Kei Dee;)



Notation : ④ =AtB i. in the boundary et EACH

and in the interior of GACY ) .

TL
, . .

. . The polytopes Gi of Jim 2 conferring ⑧ .

②
•
= Tend EACX)

0hr = Ton JEACY)

② i = Tin Tite

② ton Ori
y,

④
DoOr

fi : -2.
-→ Xi ample motel ass to Ti .

Li : Z -→ si ample motel so to Oi .

f- = f- s iz -→✗ . g-
= for : Z - - →T

,
X
'

- Xz
,
Y'=X± . ,

§ : ✗→ S - so . µ : T→ F- Sr

2- - - -> R ample motel of Kz +?⃝ .



Thm 3.7 : Kzt0I KIT and ④-4 ample .

Then § and Y are two MFS which are outputs

of that8) -MMP which are by a Sanoirx liner if

④ is contained in more than two polytopes .

Proof : Commutative heptagon

✗
'

-
- -
- → Y

'

2- -

-

- pl :& .

if I

-

.

.

.
i.
-

-

-
-
-

=, y
w 16×+21 is numerically×

= for ④ trivial over R

91 It
S T

☒pit
Both 10 and 4 are MFS t outcomes of (152-+8) - MMP 's .

(3.31 we can prove PCX
'

/R ) - 2. , PCT ' /R 1--2

/ • p is a divisional contr + s - it , or .

[ • p.io a flop + s is not the identity .

{
• if is a

divisional contr + r - id , or

•

qio a flop + r is not the identity .

☐ .



Lemma 4.1 : of:X→ s and µ :-c→ T

are Sanoisoy related MFS associated to CX.LI ) and CHiPs

we may find f-iz - - - > X and y
: Z -→ T ,

CZ , 8) , • It , A ample on Z
,
V two dimensions

in Wtiupcz ) such that :

G) if ?⃝ c- hack ) , then ④ - E ample ,

04 HA , of 2nd AA , Ag are not in JLACV ) ,

(3) 11 satisfies (1-4) of Them 3.3 .

4) & Aif 2nd GAY are 2-Jim
,
and

(5) & A ,§of and ② A. fog are 1-Jim



Proof of 4.1 :
• Replacing with a log resolution , we

may assume

CZ
, 8) is log smooth and f and g are morphism .

• Add division to the bounty , so the components
of the boundary span the Neron - seven :

A , H , . . . , His ample . e. 1- Hi . . . . Hsr generate NSCZ)

H= At Hit . - + Has .

C in Sample . D in T ample

- (Kx +d) to
* C and -(Kitt )tµD are ample

Poor 0<84 such that
.

- ckxtdtsfo.tt ) +§
-
C and - GreetItsy -H ) +4'D ample

kzt 8- +SH is f -ng and
g- neg .

Assume 8--1
.

Pick §, ← if ns.t At Coto - E ) ample
-

small enough.
- (k×tf*Iotf*H)+9*C } ample
- Ckx +8*80+8*+1 ) t ✗

*D

Kz tooth is f- ng and y
-

ng
.



Piotr Fino ,
Gi > 0 ②- general

tfztcfot Ht Ft G- * It , where F- f- Fi & G-=L
-

Ge

Vo -- §ot {Hi i. . . , Hoo , FIGS .

④ - E- fth-EE-ltbn-o.IO-
ample
-

ample

050+1=+1-1 C-A A. fog (Vo ) and .

⑤ol-GI-HC-AA.co/.gCko1 ,

No satisfies (1-4) of (3-3)
.

Finally , we need to cut town the dimension of V0 .

☐
.

Proof of 1.3 : (Z , E) , A and V as in 4.1 .

②o
C- A A. fog ( V ) , ④s C- A- A. frog CV ) in the mt of acid.

④t . there are finitely points ?⃝ i is contained in more

than two polytopes leA.fi CW .

13.71 implies that the corresponding Oi - ✗ - - → T is

competition of Sarkisox /inns . ☐
'


